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STOCHASTIC STABILITY FOR FIBER EXPANDING MAPS VIA 
A PERTURBATIVE SPECTRAL APPROACH 

YUSHI NAKANO 


Abstract. We consider small perturbations of expanding maps induced by 
skew-product mappings whose base dynamics are not invertible necessarily. 
Adopting a previously developed perturbative spectral approach, we show sta¬ 
bility of the densities of the unique absolutely continuous invariant probability 
measures for expanding maps under these perturbations, and upper bounds on 
the rate of exponential decay of fiber correlations associated to the measures 
as the noise level goes to zero. 


1. Introduction 

As is well known, several statistical properties of dynamical systems (such as the 
existence of SRB measures, the exponential decay of correlations, and the central 
limit theorem) can be obtained by demonstrating the spectral gap of the transfer 
operator of the dynamical system in a suitable Banach space. In addition, these 
statistical properties and quantities are expected to be stable if ’’the spectrum of 
the transfer operator” is also stable. (The precise definition and properties of the 
transfer operator are provided in Section [5]) This perturbative spectral approach 
was developed by Baladi and Young and their contemporaries, who sought a simple 
proof that a (piecewise) expanding map is stochastically stable (i.e., the densities of 
the unique absolutely continuous invariant probability measures for the dynamics 
are stable) under independent and identically distributed perturbations, and that 
its related statistical quantities, such as the rate of the exponential decay of corre¬ 
lations, are also stable (see [3] and references therein). This approach was extended 
by Baladi [2] and independently by Bogenschiitz [^, to the case of perturbations 
induced by skew-product mappings. However, these extensions are restricted to 
mixing or invertible base dynamics. In this paper, an alternative perturbative 
spectral approach based on the Baladi-Young perturbation lemmas is presented, in 
which the base dynamics need not be mixing or invertible. Consequently, stochastic 
stability and upper bounds of the exponential decay of correlations for expanding 
maps under perturbations induced by skew-product mappings whose base dynam¬ 
ics are not invertible necessarily are demonstrated. Our result extends the result 
established by Baladi, Kondah, and Schmitt in [J]. 

1.1. Definitions and results. Let C'^{M,M) be the space of all C” endomor- 
phisms on a compact smooth Riemannian manifold M, endowed with the usual C” 
metric dc^{-, ■) with r > 1. (Given that r = fc -|- 7 for some k € N, k > 1 and 
0 < 7 < 1, / G C'^{M,M) denotes the k-t\i derivative of / is 7-H61der.) / in 
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C'^{M,M) is said to be an expanding map when there exist constants C > 0 and 
A > 1 such that 


\\Drix)v\\>CX-\\vl n>l 


for each x & M and v € T^M. For the properties of expanding maps, the reader is 
referred to m The expanding constant Ar{f) of an expanding map f : M ^ M 
is defined by 



which is strictly smaller than 1 (see (2.16) in [4]). Here, fy is the corresponding 
local inverse branch in a neighborhood of x for each y € /“’"({cc}). 

Let 12 be a separable metric space endowed with the Borel cr-field S(12) with 
complete probability measure P. Given an expanding map /o : M —M of class 
CG let {/J,>o be a family of continuous mappings defined on 12 with values in 
C^{M,M) such that 

(1.1) esssup(ic’-(/e(w), /o) —S'0 as e —>■ 0. 


LJ&O 


For each e > 0, adopting the notation /e(w, •) = fe(uj), the distance between /e(w, x) 
and /e(w',x) is bounded by dc’'(/e(w),/e(wO) each x G M and each uj,uj' G 12. 
Thus, it is straightforward to realize that /g : 12 x M —>■ M is a continuous (in 
particular, measurable) mapping. Note also that if e > 0 is sufficiently small, /e(w) 
is P-almost surely an expanding map of class C’’. 

Let 0 : 12 —>■ 12 be a measure-preserving measurable transformation on (12, P). 
For each e > 0 and n > 1, let /i"^(w, x) be the fiber component in the n-th iteration 
of the skew product mapping 


0e{uj,x) = {9uj, fe{uj,x)), (w, x) G 12 X M, 


where we simply write Olo for 0{uj). Setting the notation fe^\uj) = •),the 

explicit form of (w) is 

(1.2) /M(cc) = O O ... o /g(c.). 


In [3] and other articles on fiber dynamics, 0 is required to be a bimeasur- 
able transformation, i.e., an invertible measurable transformation whose inverse 
mapping is also measurable (see, for example, [71[SJ[TU]; a significant exception is 
described in Baladi ID). However, some framework accommodates important ex¬ 
amples that are not generally invertible, as shown in Example ll.dl Let L^{S) be the 
usual pP space on a measurable space (S', E, v) endowed with the norm || • jj^p 
where 1 < p < oo. For each u G Lp (12), a functional igu : Lp(12) —>■ C is defined as 
by £gu(ip) = f u(caj) ■ ip(9uj)dP for each (p G Lp(12). Since P is an invariant measure, 



the Riesz representation theorem, £gu G Lp (12) = (Lp(12))* and £g : Lp (12) —>• 
Lp (12) is a bounded operator on Lp (12) such that 


(1.3) 



{£g is called the transfer operator of 9 with respect to P.) 
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Let C'’’ ^(M) be the space of all complex-valued functions on M of class C"" ^ 


endowed with the usual norm || • ||c’--0 and let m be the normalized Lebesgue 
measure on M. Let L^{S1, be the Lebesgue-Bochner space of mappings 

defined on f? taking values in the Banach space endowed with the L°° 

norm ||it||L~ := ess sup^gj^ ||u(a;)||c'r-i. Here the usual abuse of notation is adopted 
(where an mapping is identified by its equivalence class). The definition and 
properties of this space are provided in [9]. Here it is merely stated that if it € 
Lp (17, then u is Bochner measurable, i.e., u = lim„_>oo Rn P-almost 

surely, where Un ■ —>■ is a simple function of each n > 1. Setting 

u(uj, •) = u(oj), for each x & M the mapping lu i—>■ u{uj, x) is P-almost surely the limit 
of the sequence {it„(-, a:)}„>i of simple functions, and is thus measurable because 
P is a complete probability measure. Furthermore, ||it(-,a:)||Loo < ||it||ioo; that is, 
u{-,x) G Lp (17) for each x G M. It is supposed that for ig (and therefore 0), there 
exists a bounded operator ^g on L’^{f2,C^~^{M)) such that the following holds 
for each u G Lp (17, C’’“^(M)), each bounded linear functional A : —>■ C, 

each bounded operator A : C^~^{M) each x G M and P-almost every 

uj G l7i 


(1.4) 


£0u{uj,x) = £g[u{-,x)]{uj) 


£g[Au{-)]{uj) = A£gu{w), £g[Au{-)](w) = A£eu(uj), 


(1.5) 


and 


( 1 . 6 ) 




Now, some definitions are provided on measure-preserving skew-product trans¬ 
formations. Let B{M) be the Borel tr-field of M. It is known that for each 
probability measure /i on 17 x M with marginal P on 17, there exists a function 
^.(■) : n X B{M) —>• [0,1], i-A that satisfies the following three con¬ 

ditions: w i-A fiuj{B) is measurable for each B G B{M)-, is P-almost surely a 
probability measure on M; f ipdfi = f Lpd^^dP for each (p G x M). This func¬ 

tion, which is P-almost surely unique, is called the disintegration of ^ [U Chapter 
1]. Let f : £2 X M M he a. measurable mapping. A measure p, on £1 x M 
is called invariant under / when /i is invariant under the skew-product mapping 
0(uj,x) = (0UJ , f (oj, x)) and the marginal measure of /i coincides with P. 0 Given 
an absolutely continuous invariant probability measure /r of a measurable mapping 
/ : 12 X M —>• M, the (operational) forward fiber correlation function of 

if G and u G L'^{M) at w G 17 is defined by 



and we call £gC^,u(oJ,n) the (operational) backward fiber correlation function of (p 
and u at w G 17. (Since pLuj is P-almost surely absolutely continuous, n) is in 

L'^{f2) and £gC^^u(-,n) is well defined.) The backward fiber correlation functions 
of are said to decay exponentially fast in a Banach space E C L^{M) when 


^ When 6 is a bimeasurable transformation, it follows from Theorem 1.4.5 in [I] which the 
pushforward measure of fiu by f{uj) coincides with P-almost surely if and only if is invariant 
under /. Such measures where lu £ Q are called stationary measures in [4]. 
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there exist constants C > 0 and 0 < r < 1 (independent of w) such that for any 
(p S L]^{M) and u £ E, 


(1.7) 


|£eC'^,„(w,n)| < Ct'^WpWliWuWe P-a.s., 


where || • is the norm of E. Similarly, the (operational) integrated correlation 
functions of (/,/r) decay exponentially fast in a Banach space E C L^xmi^ ^ 
when there exist constants C > 0 and 0 < r < 1 (independent of w) such that for 
any p £ ^Pxm(^ ^ -^) u £ E, the mapping f? 9 a; i->- C'^(6i"w),u(i.j)^) is 
integrable for each u > 1. Setting (p{uj) = i^(w, •), 


( 1 . 8 ) 


^ip{9'^ ■) ,u{-) (*; u)d7^ 


<Ct-M\Me. 


The smallest number r such that (EZl) (or (ll.8l) l holds for any r > r is called the 
rate of exponential decay of backward fiber correlation functions (resp. integrated 
correlation functions) in E. When 9 is bimeasurable, since Igu = u o 9~^ (see 
Example [HI), then £^[C',^(en.)_„(.)(-, n)](a;) = [C',^(a;),u(e-"<.c;)(-,'ra)](w) P-almost 

surely. Thus, the exponential decay of backward fiber correlations in 
yields the exponential decay of forward fiber correlations in C''~^{M) (i.e., p.7ll 
holds, where £gC^^u(‘^, n) is replaced by n)) and also the exponential decay 

of integrated correlations in C"’“^(M)). Under these conditions, the mixing 

of the skew-product mapping is equivalent to the mixing of the base dynamics (see 
comments in [3 Subsection 0.2]). As is well known, any expanding map f : M ^ 
M admits a unique absolutely continuous ergodic invariant probability measure 
(abbreviated to aceip) on M with a density function of class In addition, 

the correlations decay exponentially fast in C"’“^(M) (see e.g. [H]). The aceip of 
the expanding map /o : M —>• M is denoted by pP. Let p : M —5> C be the density 
function of pP. The rate of exponential decay of correlations of (/o, pP) is denoted 
by To. 

Finally, a Banach space Kp{£2,C^~^{M)) of random observables as the Kol¬ 
mogorov quotient (by equality P-almost everywhere) of the space is introduced 
(1.9) 

/Cp(l7, C"’“^(M)) = G £p (17, C"’“^(M)) : w 1-9 J u{uj)dm is constant P-a.s.| 

endowed with the L°° norm. £p (17, C’’“^(M)) is the space of all Bochner mea¬ 
surable mappings u : 17 —)• with finite P°° norm. (In Proposition 12.21 

it shall be proved that Kp{f2,C'^~^{M)) is a Banach space and that f u(-)dm is 
measurable.) As before, a mapping in ICp(f2,C^~^(M)) by its equivalence class in 
Kp{n,C^-\M)) is identified. 

The following theorem extends Theorems A, B and C in [3] to perturbations 
induced by skew-product mappings whose base dynamics satisfy (HU, (jESD and 

(fra . 


Theorem 1.1. Let fo'-M^M be an expanding map, and {/e}e>o be a family of 
continuous mappings on {f2,P) with values in M) satisfying (|l.ll) . Suppose 

that 9 \ fi ^ L2 is a measure-preserving transformation satisfying dLl, dESl) 
and (HH). Then, for any sufficiently small e > 0, there exists a unique absolutely 
continuous invariant probability measure pP on Q x M whose density function pe = 
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d(p^xm) Kp{n,C^ w the notation p^uj) = Pe{uJ, ■), and we have 

esssup ||/r?e(a;) — pollc '—1 0 as e —>■ 0 . 

cj ^ iC 

Moreover, for each sufficiently small e > 0, the backward fiber correlation func¬ 
tions and the integrated correlation functions of (fe,P^) decay exponentially fast 
with rate 0 < < 1 m and in Kp{Q,C'"~^{M)), respectively, and we 

have 

limTe < max{To, Ar(/o)}. 

e^O 

Remark 1.2. Bogenschiitz [6] and Baladi [2] also investigated stability problems of 
expanding maps using perturbative spectral approaches. Apart from the invertibil- 
ity of the base dynamics, Theorem 11.11 differs from Bogenschiitz’s result in which he 
postulated a perturbation lemma for linear cocycles. Therefore, in his result, the 
’’coefficient” C in (1L3 may depend on w, and the integrated correlations may not 
decay exponentially fast, as demonstrated by Buzzi in [T) Appendix A]. Within the 
setting of mixing base dynamics, Baladi obtained a sharper spectral stability, which 
yields a more satisfactory result for the decay rate stability; compare [U Theorem 
5 and Proposition 3.1] and her Banach space B{a) with Theorem ll.il Proposition 
12.31 and Kp{f},C^~^{M)). However, the quasi-compactness of the transfer opera¬ 
tor of the skew-product mapping in the Banach space B{a) implies the mixing in 
the skew-product mapping (in particular, the mixing in the base dynamics). Thus, 
Baladi’s Banach space B{a) is not applicable to setting used in this study, in which 
the base dynamics are not necessarily mixing. 

Remark 1.3. It follows from Theorem 11.11 that if {9,P) is ergodic, then (0e,/r'^) is 
ergodic for any sufficiently small e > 0. Indeed, let A € B{fl) x B{M) be invariant 
under 0g, and suppose that 0 < p^{A) < I. Then, it follows from Theorem 
o and the invariance of A that for each B S B{f2) x B{M), if the length of 
= {x € M : (xjw) G B} is P-ahnost surely constant (where the constant is 
denoted as £{B)), then 

(1.10) (P X m)iA n P) = p^{A) ■ (P X m)(P). 

Let Pi = {w G I? : m{A^) = 0}. Then, noting that A'^ = (/(a;))“^A®‘^ by the 
invariance of A and that /(w) is non-singular with respect to m for each lo € fi, 
6>“^ri = Pi. Since (0, P) is ergodic and P(ri) ^ 1 (otherwise, p^{A) = 0 by 
the absolute continuity of p'^), P(ri) = 0. On the other hand, r 2 = {w G 12 : 
m{A^) = 1} is not a full measure set since p^{A) < 1. Thus, the set Pa = {w G 
17 : 0 < to(A“) < 1} is a positive measure set, and we can find a positive measure 
set P C Pa and Pi, P 2 G fi(l7) x B{M) such that m{Bf ) and m(P^) are P-ahnost 
surely constant, -^(Pi) = £{B 2 ) ^ 0, Bf n = 0 and P 2 C A“ for each w G P, 
and Bf = P^ for each uj G 17\r. Since these results contradict (11.101) . (0e,^'’) is 
ergodic. 

Example 1.4. We consider examples of measure-preserving transformations sat¬ 
isfying conditions (HI, dES]), and (fra . The most trivial example is a bimeasur- 
able transformation. When 0 : 17 —>■ 17 is bimeasurable, i 0 u{u)) = u{9~^uj) for 
each u G Pp (17) and P-almost every w G 17 since u{uj) = u{9{9~^uj)). For each 
u G let us define igu : 17 —>• by Igu = uo9~^. Then, 

Igu is Bochner measurable since igu is the composition of the Bochner measurable 
mapping u : H ^ and the measurable mapping 9~^ : 17 —17. It is 
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straightforward to verify that igu G Lp (i7, C"’“^(M)) and that ig is a bounded 
operator on satisfying p.4|) . (I1.5p and (II.6p . 

Now we consider a piecewise smooth mapping 9 : (2 oi class on a 

compact region 17 C K.'^, i.e., 17 is the disjoint union of connected and open subsets 
Fi,..., Ffe up to a set of Lebesgue measures 0 such that 6(|rj agrees with a map 
6 j defined on a neighborhood of F^ and 9j is a diffeomorphism on the mapped image 
for each 1 < j < fc. For a detailed study of these mappings, the reader is referred 
to [To]. Let V be the normalized Lebesgue measure on 17 and define the transfer 
operator £g^v ■ Ly(f2) Ly(l7) of 9 with respect to V as 


k 

£g,vu = 

t=i 


Ir, ■ u 
I det D9j I 



u G Ly(f2). 


From the change of variables formula, it follows that f Igyu-tpdV = f u-(po9dV for 
each u,ip G Ly{f2) satisfying u ■ (p o 9 G Ly(l7) (in particular, ip G Ly(f2)). Thus, 
if P is an absolutely continuous invariant measure of 9, then the density function 
p G Ly(f2) of P is a fixed point of £gy. It is assumed that P is an absolutely con¬ 
tinuous invariant probability measure whose density function p is strictly positive 
Id-almost everywhere. Extensive examples of such measure-preserving transforma¬ 
tions {9, P)aregivenin^. Then, for each u G Lp (17) and (p G Lp(17), we have 

J u ■ (p o 9dP = J tgy{u ■ p) ■ (pdV = J - — ■ ipdP. 

Thus, for each u G Lp (17), £gu = £gy{u ■ p)/p P-almost surely. For each u G 
a mapping £gu : 17 -G is defined as £gu = [Yj=i(lrj • 

u ■ p ■ \Aei D9j\~^) o 9~^]/p. Since every subspaces of a separable metric space 
is itself a separable space (see e.g. [131 Theorem 16.2.b and 16.11]), 
the (weakly) measurable mappings Ipj, p, |deti76(|“^ (1 < j < k), and there¬ 
fore £gu, are Bochner measurable by the Pettis measurability theorem. Note that 
\\igu{(jj)\\cr—i < ||w||l~ \£g£n{(jj)\ P-almost surely, since all of Ipj, p, |deti70|“^ 
(1 < j <k) are independent of x. It follows from this and the fact £gln = (note 
that £gyp = p) that £g is a bounded operator on Lp (17, C''~^{M)) satisfying (11.61) . 
It is straightforward to check by construction that £g satisfies (m and dUD. 

Finally, the one-sided shift 0 : 17 —> 17 is considered: (17, P) = (17^, P”) is the 
product space of a probability separable metric space (17, P), in which {9uj)j = 
for each j G N = {0,1,...} and each a; = {ujqUJi ...) G 17. We note that for each 
u G Pp (17) and tp G Pp(17), 


u{Ci}w)dP{Cj) ) • ip{u))dP = / u{ujuJoU}i ...) • ip(9(u)uJoUJi.. .))dP{uj)dP{uj). 


Thus, £gu{uj) = J u(uju})dP(Cj) for P-almost every a; G 17. By Fubini’s theorem 
(consider the equivalence between the weak measurability and the Bochner mea¬ 
surability of a mapping u : Q ^ C"’“^(M)), for any u G Pp (17, C'’’“^(M)), there 
exists a Bochner measurable mapping £gu : 17 -G given by 

£gu{uj) = / u{u}Uj)dP{ui), oj G £2. 




STOCHASTIC STABILITY VIA A PERTURBATIVE SPECTRAL APPROACH 


7 


Furthermore, (HU for this bounded operator le on L^{n, C"" ^{M)) follows from 
the Bochner integrability of 17 9 w i—>■ u{Cjuj) for P-almost every w e 17 (by Fubini’s 
theorem) and the triangle inequality. (11.41) and (II. Sp are immediately obtained by 
construction. 


2. The proof 


The proof is started by analyzing the spectrum of ’’the graph transformation” 
induced by the transfer operators of the fiber dynamics /e(w), which is exactly the 
transfer operator of the skew-product mapping with respect to P x m. Given 
a C"’ expanding mapping f : M ^ M, the transfer operator L{f) : —>■ 

C^~^{M) is defined as 

L(/wx)= j;: «« 

/(y)=x ' 

for each u G C^~^{M). As is well known, for each u G and ip G 

the change of variables formula yields 


( 2 . 1 ) 


if ■ L{f)udm 


if o f ■ udm. 


It is remarked that M) 3 / i-)- L{f) is generally not continuous in the norm 

topology. However, this quantity is continuous in the strong operator topology, as 
shown below. 


Lemma 2.1. There exists a C"" neighborhood M{fo) of fo such that for each u G 
the map f M- L{f)u is a continuous map from Af{fo) to C"'“^(M). 

Proof. To prove this lemma, the argument in [4l Lemma A.l] is adopted. Let 
A/’(/o) be a small C” neighborhood of fo so that any / G Af{fo) is an expanding 
map. We recall that all orbits of / G A/’(/o) are strongly shadowable: if / is in a 
e-neighborhood of / where e > 0 is sufhciently small, then for a fixed x G M, there 
is a natural bijection between the sets {y\f{y) = a;} and {y\f{y) = x} such that 
the distance between paired points is at most 0{e). Given an integer 0 < j < k, 
a straightforward calculation shows that the j-th derivative of L{f)u takes the 
following form: 

NUJ) 

(2-2) {L{f)u)^^\x) = ^ a„(u,/;y), 

n—1 

where N{j, /) G N and constant for all / G A/"(/o) (as can be seen by shrinking 
the neighborhood), and the terms of a„(u, /; •) : M —>• C for each 1 < n < N{j, f) 
involve only the m-th derivative of u, | det Df\~^ and Df~^of with m < j, abusing 
the notation of the inverse branch of / by /“^. Hence, for each / G A/'(/o), 1 < j < fc 
(particularly for j = k) and 1 < n < N[j, /), the j-th derivative of a„(M, /; •) is 7- 
Holder, and the y-Hoder coefficient of the j-th derivative of a„(M, /; •) — a„(it, /; j is 
bounded by dr(/, /)IKIIc'—G where 6 r{f, f) is a positive number that tends to zero 
as / converges to / in the C^-topology. The conclusion immediately follows. □ 

For simplicity, it is written as L(e;uj) and Ln{e;uj) for L{fe{uj)) and L{fi'^\ui)), 
respectively, where n > 1, e > 0 is sufficiently small and w G 17. For each u G 
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Lp (i7, a function Lf^u : fi —>■ is defined as 

Ceu{uj) = L{t] u})u{uj), UJ € [2. 

Note that CeU is the composition of a mapping a ■. H x f2 ^ a{uj,uj') = 

L{e]uj)u{ui') and a measurable mapping A : 17 — >■ 17 x 17, A(a;) = {lo,uj). From 
Lemma EH and the continuity of /e, it follows that if e is sufficiently small, then 
for each w' S 17, w !->■ a{oj,uj') is a continuous mapping from 17 to 
Furthermore, for each w G 17, the mapping 17 9 w' i— a{uj,uj') is measurable since 
L{e\u]) is continuous. Hence, by O Lemma 3.14], a : 17 x 17 —>• C''~^{M) and 
: 17 —>■ are both measureable. Moreover, reiterating the argument in 

Example 11.41 on Bochner measurability, it is deduced that C^u : 17 —>■ is 

a Bochner measurable mapping. 

Now, the weak Lasota-Yorke inequality for expanding maps (see e.g. (4] Lemma 
4.2]) is adopted: that is, for each C’’ expanding map f : M ^ M, there exists a 
constant Cf > 0 such that 

(2.3) \\Lif)u\\cr-^<Cf\\u\\cr-^ 

for each u € Hence, it follows from p.2l) and the estimate of an (w,/;-)- 

an(u, /; •) in Lemma l2.1l that if e > 0 is sufficiently small, then we have 

\\Ceu{uj)\\cr-i < {Cf„ + 5r{fe{uj), fo))\\u{uj)\\cr-i, P-a.s., 

for each u G Lp (17, C'’'“^(M)), where the notation Sr(-,-) adopted in the proof 
of Proposition 12.11 is used, i.e., jC^ is a bounded operator on L^{f2,C'^~^{M)). 
Recalling that £e is a bounded operator on we can define a 

bounded operator —>• L^{f2,C^~^{M)) by 

C, = igC,. 


Ce is ’’the transfer operator” of the skew-product mapping Oe with respect to 
P X m. Indeed, if m G Lp (17, C"’“^(M)), then Q x M 9 {uJ,x) u{uj,x) is 

measurable using the notation m(w, •) = w(a;) by virtue of [U Lemma 3.14] together 
with the fact that w i—>■ u{uj,x) is measurable for each x G M (recall the argument 
in (|1.4I) above), and that x i— >■ u{uj,x) is continuous for each w G 17. Hence, for 
each u G Lp (17, and (p G Lp^^(17 x M), applying (11.31) . (11.41) and (12.11) 

together with Fubini’s theorem, we have 


(2.4) j p ■ CeudmdP = J ip{u!,x) ■ £e[£eu{-,x)]{uj)dP j dm 

ip{9u!,x) ■ jCeu{oj,x)dP \ dm = / (p{9uj, fe{oJ,x)) • u{uj,x)dmdP. 


Moreover, for each n>l and u G L’^{f2, C” ^{M)), applying n iterations of (12.41) 
together with (11.21) . (11.31) . (11.41) . (12.ip . and Fubini’s theorem, we have 

(2.5) C"u{uj) = £g[Ln{e;-)u{-)]{uj) P-a.s. 

The following proposition is not difficult to prove but is important. 

Proposition 2.2. For any e > 0, Ce preserves a Banach space Kp{f2,C^~^{M)) 
given in m- 
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Proof. It is first shown that is a Banach space. For each u G 

Lp(f2,C’"~^(M)), : f? —)• C is defined as I{u;uj) = J u{uj)dm. As discussed 

above (1^ . n X M 9 {u},x) 1-9 u{uj,x) is measurable, and /(«;■) : 17 —>• C is 
measurable by Fubini’s theorem. If it G Kp{f2, then /(it; ■) is P-almost 

surely constant. The constant is denoted hy I{u). Since the space C^~^{M)) 

is complete, a Cauchy sequence {itr!,}n>i C Kp{f2,C^~^{M)) has a limit u of 
{ii„} in with respect to the norm || ■ Uloo. Hence, it suffices to 

show that /(it;-) is P-almost surely constant. We define F = U„>ir„ with zero 
measure sets r„ = {w : /(it„;w) ^ /(ii„)}. Then, it is easily seen that P(r) = 0, 
and I{un',uj) = /(ii„) for all uj G I7\r and rt > I. We also note that for each 
u,v G Lf{f2,C'^-^{M)), \I{u;u}) - I{v;uj)\ < ||it(w) - 'y(a;)||c’-i(M) < Ik - u||loo 
for P-almost every ui G f2. Thus, /(it„; •) P-almost surely converges to I{u] •), and 
I{un) converges to a number /, and therefore I(u',uj) = I for P-almost every uj in 
the full measure set I7\r. 

Next, it is shown that preserves Kp{Q,C‘^~^{M)). By (12.ip . for each it G 

( 2 . 6 ) I{jC^u;uj) = j L{e]ijj)u{w)dm = J u{io) ■ 1 m ° fe{'-^)dm, to G id, 

which coincides with I{u;uj) since 1 m ° f = 1m for any mapping f : M ^ M on 
M. That is, CeU G Kp{Q, for each u G Kp{Q, C^~^{M)). 

If M G Pp (12, C'’'“^(M)), then fl x M 9 {uj,x) i-9 u{oj,x) is measurable as 
discussed above. Hence, it follows from (d and Fubini’s theorem that for 

each ip G Lp(f2) 


(p(to) ■ I(£eu; to)dP = J ip-lsudmdP 

ip{iS) ■ Is [it(-,a;)] {to)dp'^ dm = J ip{9Lo) ■ u{to,x)dPdm, 


which, again by Fubini’s theorem, coincides with f ip(0to) ■ I{u;to)dP. Specifying 
It G Kp{i2,C'^~^{M)), it is written as / ip{9to) ■ I{u;uj)dP = f ip(to) ■ I{u)dP since 
P is an invariant measure. Thus, igu is also in Kp{i2,C^~^{M)), and 


(2.7) /(4u)=7(ii). 

It immediately follows from this demonstration and (12.6p that C^u = £gC^u is in 
Kp{il, C'’’“^(M)), and the conclusion is obtained. □ 


The spectrum of is now analyzed by showing that the operator closely 
matches the operator P(/o). However, and P(/o) are not directly relatable be¬ 
cause the two operators act on different spaces. To obtain a meaningful comparison, 
the transfer operator of the skew-product mapping 0q : {to , x) i-G- {Oto, fo{x)) is con¬ 
sidered. A bounded operator Cq ■ L'p{i^, C''~^{M)) —>• Lp (12, C'^~^{M)) is defined 
as Cq = £eLQ, where 

Cou{to) = L{fQ)u{to), w G 12 

for each it G Pp (12, C"’“^(M)). Hereafter, P(/o) is expressed in the simplified 
formPo. Note that Proposition 12.21 (12.4L (12.51) and (12.71) with 0^, jCf^ and 
replaced by 0o, Cq and £o hold by the arguments used to develop the proof of 
Proposition 12.21 and the respective equations. 
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The following proposition is essential for proving Theorem ll.il Let (7{A) be the 
spectrum of a bounded operator A : E ^ E on a. Banach space E. In particular, 
the spectrum of £o ■ —s- Kp{n,C^~^{M)) and Lq : —>• 

C''~^{M) is denoted as <7{Cq) and cr(Lo), respectively. 

Proposition 2.3. Cq is quasicompact on Kp{[2,C'^~^{M)) with spectral radius 
1, and its spectrum with absolute value 1 consists only of a simple eigenvalue 1. 
Moreover, 

sup{|z| : z e cr(£o), z^l} < sup{|z| : z e cr(Lo), z 1} =: fp, 
which is strictly smaller than 1. 


Proof. For each u G a function Trpu on M is defined as 


( 2 . 8 ) 


1 , ^ 

TrpM = lim — 
n—fcx) 77 , 


0 


U. 


From (12.31) and the form of ttq in (12.8|) . it follows that ttq is a bounded operator on 
C^-^(M). Thus, 


(2.9) 


n 1 / " ^ 

LpTrpM = lim — Y = lim — I Y L^u + — Lqu 

n—>oo n n—s-oo n \ , 

fc=l \fe=l ) 


TTplt. 


This equation states that tto is the projection into the eigenspace of Lp belonging 
to the eigenvalue 1. 

Let pp := ttpIm- Then pp 0. Indeed, by (EH), 

(2.10) [ podm = lim — Y [ 1m ■ o fndm = 1. 

k—1 


As is well known, 1 is the simple eigenvalue of the transfer operator L{f) on 
for each C"’ expanding map f : M ^ M (see [H Section 2]). It there¬ 
fore follows from (1^ that po is the unique eigenfunction of Lp up to a constant 
belonging to the eigenvalue 1. 

Given u € L'p’(f2, C^~^(M)), a measurable mapping IIou : 17 —>• is 

defined as 

npM(a;) ~ Po J u{uj)dm, u! £ 12. 

(The measurability of flpu follows from the proof of Proposition l2.3n It follows from 
||nou||z,~ < IIpoIIc '—1 that Bp is a bounded operator on Lp (17, CT ^{M)). 

Moreover, Ho is the projection into the eigenspace of Cq restricted on the Banach 
space Kp{f2,C^~^{M)) belonging to the eigenvalue 1: (12.101) yields npllo = Ho, 
and it follows from (1^ that for each u £ Kp{f2,C^ ^(-^)) and P-ahnost every 
uj £ 12, 

(2.11) /:pnpM(a;) = le[Popp ■ I(u, •)](w) = Po/(m) = npM(a;), 

where the notations I{u,-) and I{u) adopted in the proof of Proposition 12.21 are 
used. Another projector is now defined as Hi Id — Bp, and decompose £p into 
JC = £pBp and TZ = PpBi. Since BoiFp(l7,C’'“^(M)) = Cpp, /C is a compact 
operator on Kp{12,C^~^{M)). Furthermore, by virtue of (12.11) . (12.71) . and (12.111) . 

£qBpu(w) = poI{£gu) = Pp / igu(uj)dm = po Lo£ 9 u{u})dm, P-a.s. 
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for each u G Kp{[2,C'^ is obtained. Thus, by (ll.4p . C^Wj = nj£o is ob¬ 

tained, where j = 0,1. In particular, we get for each n > 1, 

(2.12) 7^” = £;(^l. 

Similarly, let us define bounded operators 7 ro, 7 ri on as 

TToU = po J udm, TTiU = U — TTgU, u€C^~^(M). 

Then, it is straightforward to check that ttq, tti are projections, and that (M) 

is the one-dimensional eigenspace of Lq belonging to the eigenvalue 1. In other 
words, TTo coincides with tto. Now, Lq is decomposed into a compact operator 
K = Lqttq and a bounded operator R = Lqtti . By the approach used to demonstrate 
(12.121) . it can be observed that Lq preserves 7 riC'’'“^(M). We recall that the transfer 
operator L{f) : —)• of a C’’ expanding map / : M —>■ M is 

quasi-compact with spectral radius 1 , and its spectrum with absolute value 1 solely 
consists of the simple eigenvalue 1 (see [H Section 2]). Therefore, tq < 1, and there 
exists a constant C > 0 such that for any u G and n > 1 , 

||ToTlu||cr-i(M) < CfQ\\u\\cr-i(^M)- 

It follows from (II. 6 L p.Sp . and (I2.12p that for any u G Kp{Q,C^ n > 1, 

and P-almost every w G 17, 

||7e"u(cc)||c.-i = ||C(L^[niu(-)])(cc)||c.-i < ||L^7ri[u(a;)]||c.-i 

< Cf^||u(a;)||cr-i, 

i.e., the spectral radius of TZ is bounded by tq. The conclusion follows from a 
straightforward check that the spectral radius of £o is 1 . Q 

Now, the Baladi-Young perturbation lemmas can be applied to families of linear 
operators. The relevant lemmas are Lemmas 1, 2, 3, and the comment below Lemma 
1 in [g. Let Y = Kp{[2,C^-\M)), Tq = Cq, T, = £„ Yq = IloKp{[2,C^-^iM)), 
Yi = IliKp{i7,C'’~^{M)), kq = 1, Ki = max{fo, Aj.(/o)}. k is arbitrarily close to 
(and slightly bigger than) ki, and Bq and Hi are the projections given in the proof 
of Proposition [£31 Indeed, it is straightforward to verify that hypotheses (A.I) and 
(A.3) in the lemmas are satisfied by Proposition 12.21 and 12.31 and that hypothesis 
(A.2) follows from [H Lemma A.l]. From the Baladi-Young perturbation lemmas, 
it follows that there exists a family of decompositions Kp{f2, = Yg©Y|, 

e > 0 , in which the projections Ilg : Yg © Y)^ —>• Yg satisfy 

(2.13) llllo — IIoIIloo —0 as e —)• 0, 
and 

ct('C<:|x') ^ o-(£oUo) ase^> 0 , 

in terms of the Hausdorff distance and using the notation fg = sup{|z| : z G 
«)}, we have 

(2.14) lim fe < Ki- 

e—>oo 

Let Ae G cr{Cf_\x^) be the simple eigenvalue that converges to 1, and let := 
BglfixM. It will now be shown that Ae = 1 for any sufficiently small e > 0. For 
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P-almost every oj & fi, 


J pe{u!)dm = j podm — j (po ~ Pe{uj))dm > 


Podm — ||pe — po\\L<x>isobtained. 


From (12.101) and (I2.13|) . it follows that f pe{uj)dm > 0 for any sufficiently small 
e > 0 and P-almost every uj G il. 

On the other hand, XePe{oj,x) = £gCePe{(^,x) for each x € M and P-almost 
every oj € £2. Therefore, by ilD and (1^ . P-almost surely we have 


/ 


Pe{uj)dm = 


x-^I{ieC,Pe) = K^iiLpe) = A71 


Pe{uj) ■ 1 m o fe{uj)dm, 


which coincides with X~^ f pe(uj)dm. This implies that = 1 for any sufficiently 
small e > 0 . 

A measure on 17 x M is defined as pX{du},dx) = p^{uj,x){P x m){doj,dx). By 
virtue of (12.41) and noting that A,; = 1, is invariant with respect to 0^. Further¬ 
more, it follows from Proposition l2.3l that is quasi-compact on Kp{f2, C^~^{M)) 
with spectral radius 1, and that its spectrum with absolute value 1 solely consists 
of the simple eigenvalue 1 for each small e > 0. This implies that when the essential 
spectral radius of Ce is denoted by ke, the following inequality holds for any n > 1 
and u € Kp{n,C^-^{M)) 

This inequality is bounded by C||u||lcx,, where the constant C > 0 is independent 
of u and n. Hence, we can define a bounded operator Hq on Kp{f2,C'^~^{M)) of 
the form 

1 " 

mu= lim - y^u, u€Kp{f2,C^-\M)). 
n^oo n 

As in the proof of Proposition 12.31 it can be verified that Ilg coincides with the 
eigenprojection Hq : Kp{n,C^~^{M)) —>• Xq. Thus, is a probability measure on 
17 X M (in particular, the disintegration of is P-almost surely a probability 
measure on M): by (12.4L 

p'^(l7 X M) = lim 

n—>-oo 

Hence, recalling that = T x M for each F G P, we have 
p^n^^T) = J^pUM)dP = P(r), 

which demonstrates that p^ is a unique absolutely continuous invariant probability 
measure with the density function p^ in Kp{f2,C^~^{M)). Furthermore, from 
(12.131) , pe converges to the density function po of the absolutely continuous ergodic 
invariant probability measure /i° of /o with respect to the norm || • \\l°°. 

Since the eigenprojection H^ : Kp{P,E) Xq = Cpe is unique, it can be easily 
confirmed that Hg coincides with a bounded operator Hg on Kp(f2, C"'“^(M)) given 

by 


E 


C-AnxM ■ IfixMdmdP = 1 . 


ngu(cLi) = Pt{u}) / u{(jj)dm, w G 17 
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(which P-almost surely coincides with pel{u)) for each u € Kp{Q, From 

the argument used to prove ProDOsition l2.31 it can also be verified that £e preserves 
= (Id — ng)iFp(l7,C'’'“^(M)). On the other hand, by (II. 4L 
(fl^ . (lO) . and (12^ . for each ip G Ll^{M) and u G ^(M), we have a standard 
rewriting of the backward correlations: 

(gC^^u{oj,n) = j p ■i 0 [Ln{e-,-)u]{ijj)dm- j p ■ig[C^pe{9'^-)]{uj)dm J udm 
= J p ■ C^u{ijj)dm — J p ■ £"pe(a;) • udm^ dm, 

which concides with f p ■ C^Illu{uj)dm for P-almost every w G f? by IIq = Ilg. 
(In the second equality, we use relation ^g[u{9■)\ = u{-), which holds for each u G 
Pp (17, C'^~^{M)) because / p ■ ie[u o 9]dP = f (p ■ u) o OdP = f p ■ udP for any 
p G Pp(17).) Thus, igC^p^u{i^,n) is bounded by Cff ||(/j||pi ||u||cr— i for P-almost 
every a; G 17, where C > 0 is a constant independent of w and n. Similarly, for each 
p G ^ u G Kp{fl, C'"~^{M)), 


/ 




J p ■ C^udmdP 


p ■ C^p^ ■ I{u)dmdP 


J p ■ C^T\\udmdP 


<cf:\\ph 


||u||c-i 


where the constant C > 0 is independent of w and n. Moreover, it is straightfor¬ 
ward to see that fo and fe equal the rate tq of the exponential decay of correlations 
of (/o,/i°) and the rate of exponential decay of integrated/backward fiber corre¬ 
lations of {fe,p'^), respectively (see e.g. [U Remark 2.3]). Finally, limg_,.o fe < ki = 
max{To, Af.(/o)} by (12.141) . and we complete the proof of Theorem ll.il 
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